Abstract. The (non)triviality of Samelson products of the inclusions of the spheres into pregular exceptional Lie groups is completely determined, where a connected Lie group is called p-regular if it has the p-local homotopy type of a product of spheres.
Introduction and statement of the result
For a homotopy associative H-space with inverse X, the correspondence X ∧X → X, (x, y) → xyx −1 y −1 induces a binary operation
called the Samelson product in X. We consider the basic Samelson products in p-regular Lie groups. Let G be a compact simply connected Lie group. By the Hopf theorem, G has the rational homotopy type of the product S 2n 1 −1 ×· · ·×S 2n ℓ −1 , where n 1 ≤ · · · ≤ n ℓ . The sequence n 1 , . . . , n ℓ is called the type of G and is denoted by t(G). We here list the types of exceptional Lie groups.
G t(G)
G t(G) G 2 2, 6 E 6 2, 5, 6, 8, 9, 12 F 4 2, 6, 8, 12 E 7 2, 6, 8, 10, 12, 14, 18 E 8 2, 8, 12, 14, 18, 20, 24, 30 We say that G is p-regular if it has the p-local homotopy type of a product of spheres. By the classical result of Serre, it is known that G is p-regular if and only if p ≥ n ℓ , in which case
.
Suppose that G is p-regular, and let ǫ 2n i −1 be the composite
where if there are more than one i in t(G), we distinguish corresponding ǫ 2i−1 but not write it explicitly. The Samelson products ǫ 2i−1 , ǫ 2j−1 are fundamental in studying the homotopy (non)commutativity of G (p) as in [KK] and its applications (See [KKTh, KKTs, Th] , for example). So we would like to determine their (non)triviality. In [B] , Bott computes the Samelson products in the classical groups U(n) and Sp(n). Then by combining with the information of the 1 on the mod p cohomology of the classifying space BG. Then for a p-regular exceptional Lie group G, we compute the mod p cohomology of BG as the ring of invariants of the Weyl group of G. With this description of the mod p cohomology of BG, we compute the action of P 1 on it. In §3, we prove that the above condition on P 1 is satisfied to complete the proof of Theorem 1.4.
2. Mod p cohomology of BG 2.1. Reduction. Let G be a compact simply connected Lie group. We first reduce Theorem 1.4 to the action of the Steenrod operation P 1 on the mod p cohomology of the classifying space BG as in [HK, KK] . Recall that if the integral homology of G has no p-torsion, the mod p cohomology of the classifying space BG is given by
When there are more than one i in t(G), we distinguish corresponding x 2i but not write it explicitly as in the case of ǫ 2i−1 in the preceding section.
Lemma 2.1. Suppose that G is p-regular. For i, j ∈ t(G), if there is k ∈ t(G) such that P 1 x 2k involves λx 2i x 2j with λ = 0, then ǫ 2i−1 , ǫ 2j−1 is nontrivial.
Proof. Letǭ 2i : S 2i → BG (p) be the adjoint of ǫ 2i−1 for i ∈ t(G), and so we may assume thatǭ * 2i (x 2i ) = u 2i for a generator u 2i of H 2i (S 2i ; Z/p). Assume that the Samelson product ǫ 2i−1 , ǫ 2j−1 is trivial, which is equivalent to the triviality of the Whitehead product [ǭ 2i ,ǭ 2j ] by the adjointness of Samelson products and Whitehead products. Then the mapǭ 2i ∨ǭ 2j :
, up to homotopy. Hence since P 1 x 2k involves λx 2i x 2j with λ = 0, we have
On the other hand, by the naturality of P 1 , we also have
, which is a contradiction. Therefore the proof is completed.
By Lemma 2.1, we obtain the if part of Theorem 1.4 by the following.
The rest of this paper is devoted to prove Theorem 2.2.
2.2. Generators. In this subsection, we choose generators of the mod p cohomology of BG. We set notation. Hereafter, let p be a prime greater than 5. Recall that the integral homology of G is p-torsion free for p > 5, and so the mod p cohomology of BG is given as (2.1). For a homomorphism ρ : H → K between Lie groups, we denote the induced map BH → BK ambiguously by ρ.
We first choose generators of the mod p cohomology of BE 8 . Let T be a maximal torus of E 8 . Then as in [MT] , since p > 5, the inclusion T → E 8 induces an isomorphism
where the right hand side is the ring of invariants of the Weyl group W (E 8 ). We calculate invariants of W (E 8 ) through a maximal rank subgroup of E 8 . Let ǫ 1 , . . . , ǫ 8 be the standard basis of R 8 which is regarded as the Lie algebra of T . As in [MT] , we choose simple roots of E 8 as
by which the extended Dynkin diagram of E 8 is described as (α, β, γ ∈ Z/p).
We further calculate ϕ-invariants in dimension 28, 36, 40, 48 , where a partial calculation in dimension 28 is given in [KK] .
Proposition 2.4 (cf. [KK] ). (α i ∈ Z/p).
Proof. The proof is the same as Proposition 2.3 given in [HK] , and we only considerx 28 since other cases are analogous. Excluding the indeterminacyx 4x24 , we may suppose thatx 28 is a linear combination 
As an immediate consequence of Proposition 2.3 and 2.4, we obtain: Corollary 2.5. We can choose a generator x i of H * (BE 8 ; Z/p) for i = 60 in such a way that
Hereafter, we choose generators of H * (BE 8 , Z/p) as in Corollary 2.5. From these generators, we next choose generators of
Recall that there is a commutative diagram of the canonical homomorphisms
Let us consider the induced map of the arrows in the mod p cohomology of the classifying spaces. Obviously, we have
To determine the induced map of α i , we recall the results of [A, C, N, TW, W] . Proposition 2.6.
(1)
We next choose generators of H * (BG; Z/p) for G = E 8 . Let
We abbreviate θ i (x j ) byx j . Proof. Consider the Serre spectral sequence of the homotopy fiber sequence E 8 /E 7 → BE 7 → BE 8 . Then by Proposition 2.6, we get α * 1 (x i ) = x i for i = 4, 16, 24, 28, 36, hence the desired result for ρ * 2 (x i ) by Corollary 2.5. As in [BH] , we can choose a generator x 12 of H * (BF 4 ; Z/p) as ρ * 4 (x 12 ) = −6p 3 + p 2 p 1 . On the other hand, it is calculated in [N] that ρ * 2 (x 12 ) ≡ −6p 3 − 60c 6 modulo decomposables. Then we get ρ * 2 (x 12 ) =x 12 by (2.5) and (2.6). By the Serre spectral sequence of the homotopy fiber sequence E 6 /Spin(10) → BSpin(10) → BE 6 and Proposition 2.6, we have ρ * 3 (x 10 ) = 0. Then for a degree reason, we may choose x 10 ∈ H * (BE 6 ; Z/p) as ρ * 3 (x 10 ) = c 5 . Consider next the Serre spectral sequence of the homotopy fiber sequence E 7 /E 6 → BE 6 → BE 7 . Then it follows from Proposition 2.6 that we may choose Proof. By the Serre spectral sequence of the homotopy fiber sequence E 7 /E 6 → BE 6 → BE 7 together with Proposition 2.6 and Corollary 2.7, we get α * 2 (x i ) = x i for i = 4, 12, 16, 24. Then we obtain the desired result for x i (i = 4, 12, 16, 24) 
By the following lemma together with Girard's formula, we can determine P 1 p n and P 1 c m .
Lemma 2.11. For q = p−1 2
, there holds
in , we obtain the first equality. The second equality is obvious. 
Then for a generator x k ∈ H * (BE 8 ; Z/p), we have the following table. mod (p 1 ). Now P 2 ρ 1 (x 48 ) for p = 31 can be calculated from Lemma 2.11 and Girard's formula (2.7) together with the Adem relation
Quite similarly to Proposition 2.12, we can calculate
Proposition 2.13. For a generator x k ∈ H * (BE 7 ; Z/p), we have the following table. 
Proposition 2.14. For a generator x k ∈ H * (BE 6 ; Z/p), we have the following table. We finally calculate P 1 x k for a generator x k ∈ H * (BG 2 ; Z/p).
Proposition 2.15. For a generator x k ∈ H * (BG 2 ; Z/p), we have (k, p) = (4, 11).
Proof. By Proposition 2.10 and the naturality of P 1 , we have P 1 x 4k = P 1 ρ * (p k ) = ρ * (P 1 p k ), hence the proof is completed by Lemma 2.11 and Girard's formula (2.7).
Proof of Theorem 2.2
In this section, we prove Theorem 2.2 by summarizing results in the previous section.
3.1. The case of E 8 . Suppose that E 8 is p-regular, that is, p > 30. By an easy degree consideration, we see that if
3 is nontrivial for a generator x k of H * (BE 8 ; Z/p), it is as in the following table. (60, 31), (48, 37), (40, 41), (36, 43), (28, 47), (16, 53), (4, 59) Let I k for k = 1, . . . , 8 be the ideals of Z/p[p 1 , . . . , p 7 , c 8 ] as in Proposition 2.12.
(1) It is proved in [HK] that λ i = 0 for i = 1, 2, 3, 4. (2) Sincex i ∈ I 1 for i = 4, 16, 24, for a degree reason, we have
. On the other hand, by the naturality of P 1 and Proposition 2.12,
implying that (λ 2 , λ 3 ) = (10, 14), (−9, 6) according as p = 31, 37. Sincex 4 ,x 2 16 ,x 24 ,x 36 ∈ I 1 + (p 2 , p 7 ), we also have
, and by Proposition 2.12,
implying that λ 1 = 0 for both p = 31, 37. (3) Sincex i ,x 2 j ∈ I 2 for i = 4, 16 and j = 24, 28, 36, we have ρ *
1 (x 60 ) − 14400λ 2 p 7 p 6 p 5 p 3 mod I 2 . By the naturality of P 1 and Proposition 2.12, we also have 
7 ,x 40 ) so λ 1 = 0. We can similarly get λ 2 = 0 by considering ρ * 1 (P 1 x k ) mod I 3 + (p 2 7 ,x 28 ) sincê x i ∈ I 3 + (p 2 7 ,x 28 ) for i = 4, 16, 24, 28. (5), (6) and (7) We get λ = 0 similarly to (4) by considering ρ * 1 (P 1 x k ) modulo the ideals I 4 + (p 7 ), I 5 , I 6 + (x 2 40 ) respectively for (5), (6) and (7) ) Then we may put (α, β) = (17, 28) and µ = 1. In the case (7), we have seen that P 1 x 48 ≡ µx 48 x 60 mod (x 2i | i ∈ t(E 8 ))
3 , implying that P (36, 19), (28, 23), (16, 29), (12, 31) 
